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Abstract. Let vr : P — > M" be a principal G-bundle, and let C : J^P ^ 
A"(M) be a G- invariant Lagrangian density. We obtain the Euler-Poincare 
equations for the reduced Lagrangian I defined on C(P), the bundle of connec- 
tions on P. 



1. Introduction 

Classical Euler-Poincare equations arise through a reduction of the variational 
principal J^^ L{g{t))dt where L : TG ^ M is a G-invariant Lagrangian defined on the 
tangent bundle of a Lie group G. In this setting, one defines the reduced Lagrangian 
I : TG/G ~ g ^ R by = L{Rg-ig) (or by left-translation depending on the 
Lagrangian), and proves that with a restricted class of variations, the extremal ^ of 
la ^i^W)'^^ equivalent to the extremal of the original variational problem for L. 

The purpose of this note is to extend the variational reduction program to the 
setting of a principle fiber bundle n : P ^ AI, using the fact that J^P/G = 
C{P), where J^P is the first jet bundle of P, and C{P) denotes the bundle of 
connections on P. The reduced equations obtained can be seen as generalized 
Euler-Poincare equations for field theory. A remarkable fact is that these reduced 
equations on C(P) are not enough for the reconstruction of the original problem 
for dimAf > 1. In classical mechanics, direct integration of the Euler-Poincare 
equations gives solutions of the variational problem, but for field theory a set of 
compatibility equations are needed and they arise as the vanishing of the curvature 
of the reduced solution. This paper is the first in a series. Herein, we establish 
the covariant reduction process in the case that G is a matrix group. In following 
notes, we shall make the extension to more general Lie groups, as well as to the 
very interesting setting of homogeneous spaces. 

2. Preliminaries and notations 

Throughout this paper, differentiable will mean G°° and if i? — > M is a fiber 
bundle, G°°{E) will denote the space of differentiable sections of E over M . 

2.1. The bundle of connections. Let tt: P — > M be a principal G-bundle. The 

right group action of G on TP is given by the lifted action 

X ■ g ^ {Rg),{X), yXeTP, geG. 

The quotient TP/ G is a differentiable manifold and is endowed with a vector bundle 
structure over M. Let adP :— (P x q)/G, the bundle associated to P by the 
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adjoint representation of G on g. With VP the vertical subbundle of TP, the map 
h: adP VP/G given by 

Mb,0G) = (4)G 

is a vector bundle diffeomorphism, where = {d/dt)\Qp ■ exp(t^). Let 

X:VP adP ^ VP/G (2.1) 

be the projection induced by the diffeomorphism h. The fibers (adP)^, of the 
adjoint bundle are endowed with a Lie algebra structure determined by the following 
condition 

[{p,OgAp,v)g] = [pA^M)g. Vpe^-i(a;),V^,7?efl, (2.2) 

where [•, •] denotes the bracket on g. 

The quotient modulo G of the following exact sequence of vector bundles over 

P. 

^VP ^TP ^ TT*TM 0, 
becomes the exact sequence of vector bundles over M 

^ adP ^ TP/G ^ TM 0, 
which is called the Atiyah sequence (see, for example jl]). 

Definition 2.1. A connection on P is a distribution Ti complementary to VP, such 
that 7r*p : "Hp T^(p) M is an isomorphism for all p G P. The horizontal lift of a vec- 
tor field X on M is the vector field X on P defined by X{p) := {Tr^,\-]-c^)~^ X {ir^p)) . 

Let be a connection on P, and let X e X(P) be the horizontal lift with respect 
to of a vector field X e X(M). The horizontal lift is a G-invariant vector field 
on P projecting onto X. Namely, 

Rg^Hp = Hpg e G and p e P. (2.3) 

Hence, there exists a splitting of the Atiyah sequence 

a : TM TP/G, <7{X) = X. 

Conversely, any splitting a : TM TP/G induces a unique connection: let ^ G g 
and ip € H, and define the g-valued 1-form ^ on P by 

It follows that 

Hp = Ker^p, 

so there is a natural bijective correspondence between connections on P and split- 
tings of the Atiyah sequence. 

In the case that P = ill x G is trivial, condition (2.3) implies that the horizontal 
lift of a vector field X on A/ is given by 

X^{X,,-iA.{X)g)g) = {X,,^{Rg)U.{X)), p^{x,g). (2.4) 

Definition 2.2. We denote by p : C{P) M the subbundle of Hom(rM,TP/G) 
determined by all linear mappings (see Q]) 



Ux '■ TxM — > [TP/G)x such that ■n.^, o = Idy^ 



M- 
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An element S C(P)x is a distribution at x; that is, induces a comple- 
mentary subspacc Wp of the vertical subspacc VpP for any p G n'^ix). Addition 
of a linear mapping l^: TxM (adi-')a; G KerTr* to ax, produces another element 
a'x = Ix + cTx S {C{P))x, so that C{P) is an affine bundle modeled over the vector 
bundle Hom(TM, adP) ~ T*M ® adP. 

Accordingly, any global section a G C°°{C{P)) can be identified with a global 
connection on P. Similarly, the difference of the two global sections a and H may 
be identified with a section of the bundle T*M (g) adP. If we fix a connection H, 
the map 

■■ C{P) T*M ® adP given by $h((7) =a-n, (2.5) 

is a fibcrcd diffcomorphism. Note, however, that although C(P) ~ T*M (gjadP, the 
diffeomorphism is not canonical; it depends on the choice of the connection Ti. We 
will denote by the image of a under 

2.2. The identification J^P/G ~ C(P). 

Definition 2.3. Let tt : P — > M be a principal G-bundle and denote the 1-jet 
bundle of local section of tt by tti : J^P — > M. This is the affine bundle of all linear 
mappings A^^ : T^M — > TpP such that 7r*p o A^; = Mt^m for any p G 'k~^{x). If s is 
a local section of P, its first jet extension j^s is identified with the tangent map of 
s, i.e. j^s = TxS, X € M. 

The group G acts on J^P in a natural way by 

jls-g = jl{RgOs), (2.6) 

where R,g is the right action of G on P. The quotient J^P/G exists as a diffcrcntiable 
manifold and can be identified with the bundle of connections in the following way. 
We have jls-g = j^(PgOs) = Tx{RgOs) = {Rg)^TxS; then a coset (iis)G e J^P/G 
can be seen as a G-invariant horizontal distribution over M, that is, an element in 
C{P)x. Let 

q:J^P^C{P)~J^(P)/G (2.7) 

be the projection. Let U C M he a. local neighborhood of a; G M. If s G C°°{P\u), 
we obtain a local section a : U ^ C(P) as a{x) = qijis). 



3. EULER-POINCARE REDUCTION 



Let TT 
£: Jip- 



P ^ M be a fiber bundle. A Lagrangian density is a bundle map 
A"M, where n = dimM. 



Definition 3.1. A variation of s G C°°{P) is a curve = (f)^o s, where (j)^ is the 
flow of a vertical vector field F on P which is compactly supported in M. One says 
that s is a fixed point of the variational problem associated with £ if 



Jm Um 



= 



(3.1) 



e=0 



for all variations Se of s. 
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For a fixed volume form dx on M, we define the Lagrangian associated to C as 
the mapping L : J^P R which verifies C{j].s) — L{jls)dx, Vj^s G J^P. Then, 
formula (3.1) becomes 

S I L{ils)dx = 0. 

JM 

Henceforth, we shall restrict attention to the principal G-bundlc tt : P ^ M 
with dimM = n and with volume form dx. 

Definition 3.2. A Lagrangian L : P ^ M. is G- invariant if 

Wis ■ g) = LUls), Vj> e Jip, Vg e G, 

where the action on J^P is defined in formula ( ^.6|) . 

If L is a G-invariant Lagrangian, it defines a mapping 

I : J^P/G ~ C{P) R 

in a natural way. With Ss {d/de)\oSe G C°°{VP), define r/ G G°°(adP) by 

r]{x) — iSs{x). 

Proposition 3.1. Let n : P ^ M be a principal G-bundle, G a matrix group, with 
a fixed connection Ti., and consider the curve e — (j)^ o s, where (j)^ is the flow 
of a TT-vertical vector field V. Define = q{j^s^) and ~ ^■}-c{a). Then 

6a := (d/de)|oa, = V^77-[a^(-),77] 

where [•, •] is given by (El), and V" : G°°(adF) ^ C°° {T* M ® nAP) is the covari- 
ant derivative induced by 7i in the associated bundle adP defined in a trivialization 
by 

V^V = n+[A{-),(], (3.2) 

where r]{x) — {x,£,{x)). 

Remark 3.1. If Ti' is another connection on P, then 

Remark 3.2. If we consider a principal fiber bundle with a left group action instead 
of a right action, then the expression for the infinitesimal variation is 

5cr = V^77+[cr^(-),77]. 

Proof. Since this is a local statement, we may assume that P = U x G, where 
U C M is open, with tt the projection onto the first factor, and with right action 
Rg' given by 

Rg' {x, g) = {x, g)-g' ^ (x, gg'). 
Hence, adP ~ M x g via the map ((a;,e),^)G ^ {^lO ^'^'^ the projection X : 
V(^x,g)P (adP)^: ~ is given explicitly by right translation 

t{0:„v)^{Rg-i),v^vg'\ yveTgG. (3.3) 

We identify the map g e G°^{U,G) with s £ G°°(C/ x M) by s{x) = {x,g{x)) 
and the map ^ G G°°(C/,0) with ry e G°°(adP) by r]{x) = (x,$(x)). We have the 
following identifications: 

(TP/G), ^ r(,,e)^ - X TeG ~ x g. 
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SO that 
Then, 

Sa{x) = {d/de)\oat{x) =^ {d/de)\o{ldT^M,Txge ■ g^^) 

= (Ox, {{d/de)\aT^ge} ■ g'^ - T^g ■ g~^ ■ dg ■ g'^) 

= {Ox,TJg ■ g''^ -T^g ■ g^'^ ■ Sg ■ g^'^) 

= {Ox, [Sg-g~^,T^g ■ g^'^ {■)] - Sg ■ g^^ -T^g- g^^ +TJg- g^'^) 

= (0,, [Sg ■ g-\T^g ■ g-^{-)] + T^{5g ■ g-^)) , 

where the bracket is the commutator of matrices as G is a matrix group. Hence, 
5(j{x) e T*M (g) (adF)a, ~ T*M ® g, a g-valued (vertical-valued) 1-form. Now, 



T] = X5s, so using (3.3), ^ — Sgg ^. (We make the identification T^(x)9 — 3-) 
So for any vector field X on M, 

Sa{X) - [ta{X)]+n 

= [ta{X)-X]+n+[^,X]. 
Let A be the local connection f-form associated to H. Then using ( |2.4[ ), 

Now to obtain the formula for V^, we use the injective correspondence between 
C°°(adP) and {/^ G C-(P, fl)|^(ra) = Adg-if^ip), peP,geG}. Hence, 

fvi^^g) = Adg-i^(x). 

It is standard (see Q) that V^r; is given by (/,,)*(X), so we need only use (2^) to 
compute the horizontal lift e). We have that 

{U)4X) = {f^%{X) + id/dt)\oUx,expi-tA{X)) 

= mx) + (dM)ioAde,p(,^(x))e(a;) = mx) + [a{x),^], 

so that V^rj = + ad,^^.^^, and this completes the proof. □ 

Remark 3.3. The dual of the adjoint bundle (adP)* can be seen also as the bundle 
associated to P by the dual adjoint representation of G on g*; i.e., g i-^ Ad*-i. 
There is a similar injective correspondence between C°°((adP)*) and the set G 
C^{P,2)\fvipg) = Ad;/„(p), p € P,g e G}. Hence, if S C-((adP)*) and 
I'ix) = (a;, ■0(x)), then the covariant derivative induced by the connection 7i in 
(adP)* is defined by 

V^iy = TV'-ad;^(.^V, (3.4) 

or equivalently 

{^xiy)v = X{{u,r])) - {iy,Vxv), Vry £ C°°(adP),X e X(M). 
Given a section cr G C{P), the mapping / : C{P) R defines a linear operator 



by 



SI 

— : T*M ® adP 



— (Cx) = lim , e (T M adP)a 

0(7 e^O e 
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The operator 51 /6a can be seen as a section of the dual bundle [T*M adP)* ~ 
TM(g) (adP)*. 

Lemma 3.1. For a fixed connection H on it : P M, there exists an associated 
divergence operator div"" : C°°{TM ® (adP)*) C°°((adP)*) which satisfies the 
following conditions. Let X,X' G C°°{TM (g) (adP)*), rj G C°°(adP), and f G 
C^{M). Then 

i) div'^iX + X') = diY^{X) + diY^{X), 

ii) div^i/A") = X-df + /div^(A'), 

in) div(A' • 7/) = (div^A") • 77 + A" • V^??. 

Furthermore, if {E^ , E™} is a basis of local sections of the bundle (adP)* for 
which any element X G C°°{TM ® (adP)*) may be expressed as X ^'Y^Xi® E^, 
Xi G X{M), then 

m 

div^iX) = J2 (div(^») ®E' + V^E"^ . (3.5) 

i=l 

Remark 3.4. In the case P — M x G and Ti. is the trivial connection, then div^ is 
the usual divergence operator. 



Proof. We use the same notation as in the proof of Proposition 3.1. Let{i?i,... ,E„i} 
be a basis of g and {E^, . . . , E"^} its dual basis. Let A:" = ^ ® be any section 
of TM ® (adP) * = TM , and let ^ = ® -E^i be any section of adP 9i M x q. 
Using (O) and (Oh, we have that 



X-V^r^ = J2lTf{X.,) + f^Y.([A{X,),E,],E^) 

2=1 \ 3=1 
ml m 

- Y.[x,{f^) + f^Y.^^d\^x,)E'^,E,) 
1=1 \ j=i 

m in 

= (div(/'XO - /MivX,) + Y.^^d\^x,)E\v) 
1=1 j=i 

(m m 
divX, ® E^ ,V) + {Y. ^x, , V) 

where (•, •) is the natural pairing between g and g*. 
Hence, the operator div^ satisfying iii) is 

(m \ m 

Xj (g,En = ^(divXj ® + V'^^E^). 

This expression can be defined globally and it is straightforward to verify items i) 
and ii). □ 

3.1. Reduction. 

Theorem 3.1. Let -k : P M be a principal G-fiber bundle over a manifold M 
with a volume form dx and let L : P ~> M. be a G invariant Lagrangian. Let 
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I : C(P) —>-R be the mapping defined by L in the quotient. For a section s : U ^ P 
ofn defined in a neighborhood U C P , let a : U ^ C{P) be defined by ij{x) = q{jls). 
Then, for every connection Ti. of the bundle Tr\u, the following are equivalent: 

1) s satisfies the Euler- Lagrange equations for L, 

2) the variational principle 



I [ L{jls)dx = 



6 

IM 

holds, for variations with compact support, 
3) the Euler- Poincare equations hold: 



A- « S^ A* 



4) the variational principle 



5 / l{a{x))dx = 



holds, using variations of the form 

5ct- V«7;-[ct«(-),7?] 

inhere rj : U ~* adP is a section with compact support. 

Proof. 1) <^ 2) is a standard argument in the calculus of variations. For 2) <^4> 4), 
we use that 

S I L{jls)dx ^5 I l{(j{x))dx 

JM JM 



with Proposition 3.1 



For 3) 4), we have that 



51 ^ , f 61 ,1-1 r T-i 



0^6 l{a{x))dx= —Sadx= —{V'^ri-[a"-{-),r]])dx. 
Jm Jm oa- Jm oa 

Item iii) of Lemma gives that 

— V^77 = div(— J7) - div«( — 
da da da 



so that 

51 . T Hr 51 . 51 . ^ 

(div(— ry) - div (— )?7 - ad^„/A — r/jdx 
M da da ^ ' da 



As rj has compact support, by Stokes theorem, J^^ div{-^ri)dx — 0, so we conclude 
that 



/SI SI 
^(ad:«(.)^+div^( — ))?7da:, 



im 

for all sections 77 of adP with compact support. Thus, we obtain the Euler-Poincare 
equations. □ 



Remark 3.5. If we consider a principal fiber bundle with a left action, instead of a 
right action, and a left invariant Lagrangian L, the Euler-Poincare equations are 

A- n 51 ,* 51 
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3.2. Reconstruction. Let s : U — > P be a solution of the variational problem 
defined by a G invariant Lagrangian L. Then, the section a = q{j^s) of the bundle 
of connections is a solution of the Euler-Poincare equations (Theorem |3.2D . This 
new section is a connection which verifies that s{U) is an integral manifold, that 
is, (T is a flat connection. Conversely, given a flat connection a which verifies the 
Euler-Poincare equations, the integral submanifolds in P of cr are the image of the 
sections of the solution of the original variational problem. In other words 

Theorem 3.2. The following systems of equations are equivalent: 

i) Euler- Lagrange equations of L, and 

ii) Euler-Poincare equations of I together with vanishing curvature. 

The projection of a solution s of i) gives a solution a = qij^cr) of ii), and the 
integral manifolds of a solution a of ii) provides a solution ofi). 

That is, the Euler-Poincare equations are not sufficient for reconstructing the 
solution of the original variational problem. One must impose an additional com- 
patibility condition given by the vanishing of the curvature. See for additional 
discussion. 

4. Examples of reduction in a principal fiber bundle. 

4.1. Classical Euler-Poincare equations. For a Lie group G, we consider the 
principal fiber bundle tt : R x G ^ M, where tt is the projection onto the first factor. 
Let L : J^P ~ K X TG — > R be a right G-invariant Lagrangian. We fix the trivial 
connection and obtain the following identifications: 

C(P) ~ T*M adP ~ (Rx)M ® (M x g) 2± M x g. 

Again, we identify s e C°°{P), 77 £ G°°(adP) and a G G°°(C(P)) with the 
maps g G G°°(M,G), 77 e G°°(R,0), and a e G°°(R,0), respectively. Because 
of the trivial connection, div^ is simply the usual divergence operator satisfying 

div(/i) = f . 

We recover the classical the Euler-Poincare equations 

— — - -ad* — 
dt 6a Sa 

for a right invariant Lagrangian (see Q). 

4.2. Harmonic maps. Let {M,g) be a compact oriented C°° n dimensional Rie- 
mannian manifold, and let (G, h) be an m dimensional Riemannian matrix Lie 
group. With P = MxG,we denote the principal fiber bundle by tt : P ^ M, and by 
triviahty, identify G°°(P) with G°^(M, G). For each e G°°(M, G), the Riemann- 
ian metrics on M and G naturally induce a metric (•, •) on C°°{T*M ® (j>*{TG)), 
and so we may define the energy £ on C°° (M, G) by 

£(0)=/ L(jV)rfx, where L(jV) = ^(r</),T0). (4.1) 



The Euler-Lagrange equations for (4.1) are given by 

Tr(VT0) = 0, (4.2) 

where V is the induced Riemannian covariant derivative on C°°{T*M (g) (j)*{TG)) 
and Tr is the trace defined by g (see, for example |^). By definition, the set 
of harmonic maps from M to G is the subset of G°°(P) whose elements solve 
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(4.2). Using Einstein's summation convention, we have the following coordinate 
expressions 



and for (4.2) 



9- 



r 



dx^ dx3 



0, l<7<m, 



(4.3) 



(4.4) 



where Tfj , F^^^ denote the ChristofFel symbols of the Levi-Civita connections of g 
and h. We shall derive the reduced form of (4.2) for two specific cases: = 1^, and 

G = §3 =^ SU{2) 50(3). 

For the case that G = M, the abelian group of translations, we choose the trivial 
connection for P. The divergence operator div*^ is naturally defined by the metric 
g and its associated Riemannian connection. In this case, {TP/ G)x — T^M xM. and 
{adP)x ^ M. Let a = q{T(j)), so that : T^M T^M x R, acting as the identity 
on the first factor. Then, a can be considered as a 1-form with local expression 
a = Pidx^, Pi = d(j)/dx^. 

The Lagrangian L is clearly R-invariant. Denoting by / the projection of L to 
C(P), Theorem 3.1 asserts that a satisfies 



SI 



diV^^ = 
do- 



or, in coordinates, 



d 



d{9'=Pi) 



dx*^ ' dx^ 

since — ^g^-'piPj. It is straightforward to check that the above equation to- 
gether with vanishing curvature 

dpi_ _ dpj^ 

dx^ dx^ 

and Pi 



dcfy/dx^^ is equivalent to formula (4.4) for 7 



1 and F^^ 



0, as is stated 



in Theorem (|j). 

For the case G = S'^, we make the identifications {TP/G)^ = T^M x sw(2), 
(adP)j. 5u{2) and C{P) ~ T*M ^5u{2). Then, a = q{T(j)) can be considered as 
a 1-form taking values in su{2). Let {Ei, E2, E^} be a basis of su(2), then a can 
be written as a{x) = pfdx^ E^ with pf ^ Ea = d(j)/dx^ = T4>{d/dx^). 

The Lagrangian L is 5'?7(2)-invariant and its projection to C{P) is 



Then 

and its usual divergence is 
div-^ = 



d 

dxi 



y'PtK0)+T%g''p':Kp] 



The coadjoint map can be written in coordinates as 



{ad:^,Ep) = [a,Ep]) = g^'pfp'^cJ^K 
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Then, Euler-Poincare equations for the trivial connection on AI x SU (2) are (The- 
orem (3.1)) 

The above system of equations together with vanishing curvature 

Vz,j = l,...,n; 7=1,2,3, 
and pf ® Ea — d(t>/dx^ are equivalent to equations (4.4), as is asserted in Theorem 
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